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Abstract

A miniature surface-plasmon based spectrometer is presented for both the near
zone and the far zone. In the near zone four different experiments have been completed
with this system. It will be shown that with 632, 614, 543, and 440 nm incident lasers
upon the system there is good agreement between experimental and theoretical
transmission spectra. This system is shown to provide transmission spectra of different
broad band-pass, glass filters across the visible wavelength range with high stray-light
rejection at low resolution. These spectra are compared to those taken with a commercial
spectrophotometer. Spectra of solutions of the laser dye Coumarin 540A are also
prepared with the solvent methanol. Absorption spectra of different concentrations of
this solution are shown. The system can distinguish between the absorption of the
different solutions used in the work. Lastly, an absorption spectrum of chlorophyll
extracted from a spinach leaf is shown and compared to the spectrum obtained with a
commercial spectrophotometer. Although this is not the first time this experiment has
been set up, these are the first successful production of spectral data using the near field
surface plasmon specrtrometer.
The surface plasmon spectrometer in the far field is also presented. This set up
can similarly be used as a spectrometer or to determine the optical properties of materials
by operation as a biosensor. Several initial test results and future ideas for this device are
also presented.
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CHAPTER 1: INTRODUCTION TO PLASMONS
In the American Heritage Dictionary a plasma is defined as “an electrically
neutral, highly ionized gas composed of ions, electrons, and neutral particles [1].” This is
the classical description of a plasma, which is also referred to as the fourth state of
matter. One may also think of a metal as a sort of plasma with electrons moving
(electron gas) against a background of positively charged ions. If considering only the
kinetic energy of the electron gas, neglecting the variation in the potential energy
between the ions and the electrons, the above scenario may be called the free electron
model. This model works fairly well for simple metals. In fact one may think of this
system as a quantum plasma. Unlike a classical plasma, a quantum plasma has a much
larger free electron density (n0). With this description of a metal in mind, it does not
seem surprising to label a metal as a plasma.
A. Bulk Plasmons
In the 1950’s a paper was published by A.W. Blackstock, et. al. which included a
plot of relative intensity versus energy loss for electrons as they passed through a metal
sample [2]. The interesting aspect of this plot is that the peaks occur at equal spacings of
energy. In this case it may be stated that the electron’s energy loss is quantized.
To explain this phenomenon it is beneficial to think of a metal as described above,
a type of high-density plasma. As incident bombarding electrons pass through the metal,
they disturb the free electron gas. The electron gas forms denser areas of free electrons
amid the positive ions in response to the incident electrons. This non-uniform electron
1

density gives rise to electron-electron interactions, where the electrons repel each other.
In other words, the metal tries to regain equilibrium. The electrons start to oscillate as
they try to reach equilibrium, constantly overshooting their mark. The simple harmonic
oscillator equation below is used to describe this electron gas oscillation, where u is the
displacement, in one dimension, of the volume of electrons. A detailed derivation of the
plasmon resonance is given in the appendix.
2

d2u / dt2 + ω pu = 0

[1.A.1]

If a more detailed description of this phenomenon were sought, then a damping term,
which would take into account effects such as heat loss and light emission, would be
included in the above equation. The damping term is neglected here for simplicity. The
square of the plasma frequency (ωp) in CGS units is
2

2

ω p = 4πn0e / me.

[1.A.2]

In the above equation, me is the mass of the electron, and e2 can be expressed as
2

q e / 4 π∈0, where ∈0 is the permittivity of free space and qe is the charge of the electron
[3]. It should be noted that the plasma frequency is dependent on the density of free
electrons (n0), which is measured when the sample is in equilibrium and undisturbed.
Now the term plasmon may be introduced, which is the quantum of the electron gas
oscillation and has an energy of
Ep = (h/2π) ωP,

[1.A.3]

where h is Planck’s constant. Just as a dielectric constant can be used to describe a
material’s reaction to an external electromagnetic field, a dielectric function may be used

2

to describe a plasma’s reaction to incident radiation of frequency ω [4]. One form of this
dielectric function is
2

2

ε = 1 – ω p /ω ,

[1.A.4]

which will be derived in the appendix. When ω = ωp, a resonance condition occurs, and
the electron gas is excited. Plasmons occur in the bulk since this resonance is satisfied.
In this case the dielectric function would equal zero. The larger the dielectric function,
the more reactive the plasma is to the incident electromagnetic field and the more
susceptible the plasma is to being polarized. One may state that the dielectric function is
a measure of how well the plasma “protects” itself from the external field. If ω = 0
(electrostatic limit), then ε equals negative infinity; so there is a net electromagnetic field
of zero in the plasma. If ω > ωp, then the dielectric function approaches unity and the
plasma is less reactive to the field. The material becomes transparent to electromagnetic
radiation of angular frequency ω > ωp since the index of refraction n becomes real (n2 = ε
for nonmagnetic materials). If ω < ωp, then ε becomes negative and n is imaginary. This
means that the incident electromagnetic radiation’s amplitude is decreasing exponentially
as it enters the metal and most of the radiation is reflected. To understand this concept,
consider an electromagnetic wave with amplitude along one direction according to the
expression eikx, where k is the wave number in this direction and is inversely proportional
to the wavelength of the wave. When this wave enters matter, k is replaced with nk,
where n is the index of refraction of the material. Also, if n is imaginary (n = in), the
amplitude expression is now einkx = e–nkx, a decreasing exponential.
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B. Surface Plasmons
Thus far bulk plasmons, longitudinal waves in the free electron gas which are free
to travel in any direction, have been discussed. Plasmons are especially interesting at
boundaries between materials such as a dielectric and a metal. In this case the quantum
of surface-electron oscillation is called a surface plasmon, which as the name suggests is
bound to a two dimensional surface. In 1968 C.J. Powell published a paper, which
displayed plots of relative intensity versus energy loss of electrons reflected from a metal
surface for different angles of incidence [5]. As the angle of incidence increases from
near grazing to normal, it can be seen that the fundamental quantum of energy loss
increases. At near grazing surface plasmons dominate, but as the angle of incidence
increases bulk plasmons begin to become more distinct. It should be noted that the bulk
plasmon energy is greater than the surface plasmon energy. In the case of a vacuumbounded, smooth, clean, simple metal the surface plasmon energy is
–
Esp = (h/2π) ωP / √ 2

[1.B.1]

In the equation above, ωp is the bulk plasmon frequency.
There are two ways to excite surface plasmons, by electrons or photons. The
latter form of excitation shall be focused upon in this paper. When trying to excite a
charge oscillation on a plane surface, one cannot directly couple the incident photons to a
surface plasmon. The frequency and wavenumber of the photon and plasmon cannot be
matched concurrently because conservation laws are not satisfied. One ingenious method
to satisfy conservation laws is the use of a Kretschmann device [6].

4

The Kretschmann device (Figure 1.B.1) is a hemicylindrical quartz lens with a
thin smooth metal layer deposited on the flat back. Since the momentum of an
electromagnetic wave is increased in quartz by a fraction of the index of refraction of
quartz, while the energy is unchanged, the photon of the wave may have sufficient
momentum at a given energy to excite surface plasmons in the metal film. Whenever a
surface plasmon is created by the absorption of energy from p-polarized incident
radiation, the plasmon has to eventually de-excite and release its energy as heat or
photons with the same frequency as that of the electromagnetic radiation absorbed, the
surface plasmon frequency. This is one method of de-excitation that is included in the
damping term discussed earlier. So if this Kretschmann device is rotated through a range
of angles with p-polarized white light incident upon it, then it may be used to separate the
light into its component colors by exciting plasmons. Different incident angles of light
will correspond to certain wavelengths of light. Just as commercial spectrophotometers
use a grating or prism to separate the wavelengths of light, a spectrometer could also use
this Kretschmann device.
One method of collecting photonic data from this device is to have a pulled fiber
optic probe brought very near the surface of the metal. The tip of this probe is close
enough for photons from the surface plasmons to tunnel into it. A photomultiplier tube is
used to detect the tunneled light that is guided in the fiber. Additional electronics are
used to process the signal generated by the PMT.
This set up of the fiber optic probe tip very close to a surface is called a photon
scanning tunneling microscope (PSTM), which was introduced in 1990 by T.L. Ferrell,
et. al. [7]. The principle of the PSTM is similar to the scanning tunneling microscope
5

Figure 1.B.1 In the Kretschmann configuration a thin metal film is vacuum deposited on
the back of a hemicylindrical quartz (n = 1.46) lens. This enables the conservation laws
to be satisfied so that coupling of incident p-polarized light to the surface plasmon may
occur. The metal film is silver in this work and is 50 nm thick. Different material films
may be used, such as aluminum and gold. These materials would give the Kretschmann
device different optical characteristics.
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(STM). Instead of using a conducting metal tip and tunneled electrons as in the STM, the
PSTM uses a fiber optic tip and tunneled photons. Originally, the photon scanning
tunneling microscope was set up using frustrated total internal reflection (FTIR). To
allow this to happen, a prism with a sample mounted to it is used. The incident photons
come into the prism at an angle where total internal reflection will occur inside the
sample. Then, when the probe tip is brought close to the surface, FTIR occurs and
photons tunnel from the sample to the fiber. If this fiber is mounted to a piezoelectric
tube with three-dimensional movement, then the PSTM can be used to scan over a
sample to give a three-dimensional representation of the sample’s surface.
In this work the tunneled photons are from the exponentially decaying plasmon
field rather than FTIR, and instead of scanning over three dimensions, the fiber tip is
fixed in the plasmon field using the piezoelectric tube. The transmission coefficient into
the fiber is:
τ = | E3 /E0| 2 n3cos θ3 /n0cos θ0,

[1.B.2]

where n0 is the index of refraction of the quartz lens, n3 is the index of refraction of the
fiber, θ0 is the angle of incidence of the light on the quartz-metal interface, θ3 is the angle
that the photons enter the fiber, E0 is the amplitude of the incident electric field and E3 is
the amplitude of the electric field in the fiber. This transmission coefficient equation can
aid in providing a rough estimate of the actual transmission coefficient. This equation
will be derived in the appendix.
Theoretical curves can be generated from equations such as the one above. Figure
1.B.2 shows theoretical curves for absorption versus angle of incidence for 442, 515, 614
7

Figure 1.B.2 A plot of absorption of a Kretschmann device for four different incident
wavelengths. The Kretschmann device has the same characteristics as the one used in
experiments that are presented later.

8

and 632 nm wavelengths [8]. These curves correspond to a Kretschmann device with a
50 nm thick silver film. This plot shows how the resolution of the device is determined
by the properties of the metal film. Notice the widths of the peaks and how they broaden
as wavelength decreases. This phenomenon will be discussed in Chapter 2.

9

CHAPTER 2: NEAR FIELD SURFACE PLASMON
SPECTROSCOPY
A. Introduction
The near field surface plasmon spectrometer uses a Kretschmann device and a
pulled fiber optic probe to collect data. The probe is placed in the exponentially decaying
plasmon field on the back side of a silver film on the Kretschmann device. The silver
film lends a working spectral range over visible wavelengths. The silver film has its best
resolution on the blue side of the visible spectrum and less resolution on the red side.
This phenomena can be seen in Figure 1.A.2. Since different material thin films have
peak resolutions at different ranges in the electromagnetic spectrum, this system can be
evolved to work over a very large range of wavelengths. In theory one could have a
working spectral range from the ultraviolet region to the infrared region of the
electromagnetic spectrum. Only a silver film was tested in these experiments.
Four different experiments have been completed with this system. It will be
shown that with four different wavelength lasers incident upon the system there is good
agreement between the experimental and theoretical spectra. This system was used to
obtain transmission spectra of different broad band-pass glass filters. These spectra will
be compared to those taken with a commercial spectrophotometer. Also, a laser dye
concentration study will be presented, which shows how the equipment can be used to
determine and compare the absorption of samples. And lastly, an absorption spectrum of
chlorophyll extracted from a spinach leaf will be shown and compared to the spectrum
10

obtained with a commercial spectrophotometer.
B. Experimental Set Up
In the early stages of testing, the set up described in Figure 2.B.1 and Figure 2.B.2
was used. A 50 nanometer silver film is vacuum evaporated on a quartz slide and placed
on a quartz hemicylindrical lens using the appropriate index of refraction matching
liquid. These components are mounted on a rotation stage that enables the lens-film
combination to rotate through different angles of incidence with respect to the incoming
light. There are two simultaneous optical set ups for this experiment. The first brings
white light from a 150 watt (W) Xenon lamp through a polarizer and optics onto the lensfilm system. A sample holder is placed in the beam path so that spectral measurements
of samples can be made. Also, a Standford Research Systems SR540 Optical Chopper is
used in the beam path to help reduce noise.
The second optical set up contains four lasers of wavelengths 632, 614, 543 and
440 nanometers. All four lasers are polarized in the same direction and sent to the lens at
the same angle. This set of lasers enables the positioning of the fiber optic tip within the
plasmon field and provides reference data about how well the optics are aligned with the
lens-film system.
As was mentioned above, a pulled fiber optic tip is brought very close to the
surface of the film. A Sutter Instruments Co. Model P-2000 fiber puller is used to obtain
sharp fiber optic probes using fiber with 50.3 micrometer diameter cores. A Nanoscope 3
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Figure 2.B.1 After the photons from the plasmon tunnel into the fiber optic tip, a
Hamamatsu high voltage photomultiplier tube and an Ithaco 1211 Current Amplifier are
used to convert and amplify the signal. Then the signal is brought to a SRS SR850 DSP
Lock-In Amplifier, into which the reference signal from the Stanford Research Systems
SR540 Optical Chopper controller is also brought, for the recording of data.
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Figure 2.B.2 A picture of the plasmon-based spectrometer set up. The Xe lamp and four
lasers can easily be seen, as well as the rotating base that the hemicylindrical lens and
fiber tip sit on.
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system is used in STM mode to position the tip close to the surface of the film. The
Nanoscope uses a piezoelectric tube that can dither the tip perpendicular to the film with
nanometer accuracy. The lens-film system has to be at the appropriate plasmon angle for
the particular wavelength light being used. The Nanoscope dithers the tip back and forth
until it is within the plasmon field. This Nanoscope procedure is completed each time a
new silver film or fiber optic probe is mounted on the system. After the photons from the
plasmon tunnel into the fiber optic tip, a photomultiplier tube and an Ithaco 1211 Current
Amplifier are used to convert and amplify the signal. Then, the signal is brought to a
SRS SR850 DSP Lock-In Amplifier, into which the reference signal from the chopper
controller is also brought, for the recording of data.
C. Discussion of Results
I. Laser Study
In preliminary experiments four different wavelength lasers were striking a 50
nanometer (nm) thick silver film mounted in the Krestchmann configuration. This set up
is useful to see if plasmons are observable at angles that agree with theory. These lasers
can also be used in conjunction with a Nanoscope system. This system enables, when the
lens-film system is at the appropriate plasmon angle, the fiber optic tip to be brought
close enough to the film for observation of the plasmon field. Figure 2.C.1 shows the
normalized experimental result (dots) against the normalized theoretical result (line) in a
plot of incident angle versus relative intensity [8]. In the graph the first experimental peak
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Figure 2.C.1 A plot of relative intensity versus angle for four lasers of wavelengths 632
nm, 614 nm, 543 nm and 440 nm that are striking a 50 nm thick silver film. The red
(632 nm) and orange (614 nm) peaks cannot be resolved and appear as one. Note that the
theoretical curve is the normalized combination of the four curves in Figure 1.A.2.
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occurs at 44.8 degrees. This peak is the 632nm/614nm peak. The resolution of the
system cannot distinguish between the two wavelengths. The second experimental peak
is at 45.3 degrees and corresponds to the 543 nm laser. The last broad 440 nm laser peak
is at 47.7 degrees. Notice how the visible wavelengths compare to the angle measure. It
is not a linear relationship. Rather at the red side of the spectrum, a large range of
wavelengths fall in a small range of angles. At the blue end of the visible spectrum, the
wavelengths are more spread out. This property is inherent in using a silver film and is
why the 632nm/614nm peak cannot be resolved. Other metals could be used with
different optical properties that would enable the system to have different resolutions in
different wavelength ranges. Also, very noticeable in Figure 2.C.1 is the angle shift
between the experimental and theoretical curves. This shift is most likely due to a slight
misalignment of the laser light perpendicular to the lens-film system when at normal
incidence. It should also be noted that when silver films are exposed to air they start to
oxidize. This oxidation layer can also affect the plasmon angle.
II. Glass Filter Study
A second experiment was carried out which uses a 150 W Xenon lamp as the light
source. Figure 2.C.2 shows a spectrum obtained from this light source. Notice the
minimum to the left of the peak. This minimum occurs at an important critical angle. At
angles smaller than this critical angle some light is transmitted through the film. For
larger angles total internal reflection occurs, and any light tunneled through the fiber
optic is from surface plasmons. During this experiment various colored glass filters are
placed in the light path (Figure 2.C.3). In this and later plots the x-axis is converted to
wavelength to aid in interpreting the data. To obtain the transmission curves in Figure
16

Figure 2.C.2 A plot of relative intensity versus angle of incident light from a Xe lamp on
a 50 nm silver film. Notice the minimum to the left of the peak. This minimum occurs at
an important critical angle (approximately 46 degrees on this plot). At angles smaller
than this some light is transmitted through the film. For larger angles total internal
reflection occurs, and any light tunneled through the fiber optic is from surface plasmons.
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Figure 2.C.3 A plot of transmission versus wavelength of various glass filters. The
transmission of these glass filters is calculated by taking the intensity of light measured at
the film with a filter in place and dividing it by the intensity of light without the filter in
place for each wavelength of light.
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2.C.3, the intensity of light measured at the film with a filter in place is divided by the
intensity of light without the filter in place for each wavelength of light. To compare this
device’s results to that of a commercial spectrophotometer Figure 2.C.4 is included. A
Shimadzu UV-Visible Recording Spectrometer UV-250 is used to obtain these
transmission spectra. It can be seen that the plasmon-based system yields curves that are
noisy but have a similar shape to the corresponding Shimadzu curves.
III. Concentration Study
A third experiment was done to see if this system can detect different
concentrations of liquids. The laser dye Coumarin 540A is mixed in the solvent
methanol at different molar concentrations of 5.1e-4 M, 3.4e-4 M, 2.3e-4 M and 1.5e-4
M. Coumarin 540A is put in a commercial spectrophotometer to determine that it has an
absorption peak around 442 nanometers. The solutions are poured into plastic cuvettes
and placed in the incident Xenon lamp path. The absorption of the different
concentration solutions are calculated by taking the common log of the ratio of Xenon arc
lamp intensity to the sample solution intensity for each data point taken (Figure 2.C.5).
Notice that the absorption depends on the concentration of the sample and that the
plasmon based system can resolve this difference in intensity. In Figure 2.C.6, intensities
from each different concentration absorption curve corresponding to 47.4 degrees, which
is at 442 nanometers, is plotted. Notice the relationship between molar concentration and
intensity.
IV. Biological Sample Study
Another addition to the system’s data set was the testing of a biological sample
extracted from a spinach leaf. To extract the pigments which give leaves their color, the
19

Figure 2.C.4 Plot of percent transmission versus wavelength of various filters. These
spectra were obtained using a Shimadzu UV-Visible Recording Spectrophotometer.
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Figure 2.C.5 Plot of absorption versus wavelength for different concentrations of
Coumarin 540A, a laser dye, in methanol.
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Figure 2.C.6 Plot of relative intensity versus molar concentration of Coumarin 540A at
approximately 442 nanometers.
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solvent ethanol is used. The fresh spinach leaves are ground in a mortar and pestle with
water until a paste was made. The paste is then pressed between two pieces of filter
paper. This is done until liquid can no longer be extracted from the sample. The paste is
then mixed with ethanol and put in a centrifuge for approximately five minutes. What
results is a separation between the pulp from the spinach and a solution of cellular
chemicals. This solution contains ethanol, both chlorophyll A and B, and some other
yellow accessory pigments called xanthophylls. An absorption spectrum
from the Shimadzu spectrophotometer was obtained of this green liquid and is shown
with the dark line in Figure 2.C.7.
The absorption spectrum given in Figure 2.C.7 is expected. The pigments absorb
red and blue wavelengths and reflect green and yellow. The peak at 663 nanometers is
most likely Chlorophyll A, and the peak at 465 nm is probably Chlorophyll B. This same
sample was put in the plasmon-based spectrometer system and the absorption of the
pigments were calculated by taking the common log of the ratio of the reference ethanol
to the ethanol plus pigment sample. This data is shown in Figure 2.C.7 as dots. The two
peaks observed with the Shimadzu can also be seen with the apparatus under
experimentation, although the peaks are much wider.
D. Conclusion
We have presented a plasmon-based spectrometer. Although, the resolution is not
as good as a commercial spectrometer, this system has promising improvements that
could be made. Testing of other films that can be integrated into the system can be

23

Figure 2.C.7 A plot of absorption versus wavelength of spinach leaf pigments in
ethanol. The curve form the Shimadzu spectrometer (dark line) has two labeled peaks,
which are most likely Chlorophyll A and B. The plasmon-based spectrometer yielded the
curve shown with dots. The two Chlorophyll peaks can be resolved. It should be noted
that the curve obtained with the Shimadzu was normalized to the experimental curve for
comparison purposes.
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carried out. Thin films of gold and aluminum can increase the wavelength range
accessible to this system. Since silver has the best resolution in the red wavelengths, gold
in the infrared and aluminum in the blue and ultraviolet wavelengths, a resulting spectral
range from ultraviolet to infrared can be obtained.
Other improvements to the system can also be implemented. If the thin film is
evaporated on mica rather than quartz a smoother thin film will result. This will
minimize the scattering of light from plasmon de-excitation, which means more light can
tunnel into the fiber optic probe. Also, an automated system can be made by writing a
program to start the rotation of the lens-film system and the collection of data
simultaneously. This automation will prevent starting delays, which can offset the angle.
Other changes might be made to help prevent the silver from oxidizing. One idea is to
deposit a layer of gold on top of the silver. Another idea is to build the system in a
vacuum compatible box, so that the apparatus could be put under vacuum.
One could also move away from the PSTM system and instead use a series of
prisms and lens to separate the light into its constituent colors so that all the colors will
hit the film at the same time at different angles of incidence. One could look at the
reflected light from the metal film. A dark curve through the spectrum should be
observed, which appears because the light is being absorbed by plasmons. A CCD
(charge-coupled device) camera array could be used to collect this data. Chapter 3 will
describe this set up in more detail as well as discuss the experimentation of the apparatus.
All of these ideas, and others, will indeed be tested. Once the optimum
configuration is obtained this system may be miniaturized. One can have a small

25

spectrometer with a very wide spectral range with which to test a range of different types
of samples. Then this system may be titled a “microspectrometer.”
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CHAPTER 3: FAR FIELD SURFACE PLASMON
SPECTROSPCOPY

A. Introduction
The far-field surface plasmon spectrometer is similar to the microspectrometer in
that it uses a Kretschmann device with a 50 nanometer silver film to couple the photons
to the surface plasmons in the silver. The difference is in the way that the photonic data
is collected and the way in which the plasmon’s dependence on angle is treated. Through
a series of optical components this device sets up a situation where a range of angles are
striking the film at the same time with no moving parts.
There are different ways to collect data from this device. One could use a CCD
camera to image either the transmitted light through the film or the reflected light from
the film. To better visualize the set up where data is collected from the transmitted light
see Figure 3.A.1. If the CCD camera were positioned on the side of the prism adjacent to
the one shown then the camera would collect the reflected light from the film. The
benefit of this set up as opposed to the microspectrometer is that a Nanoscope is not
needed to position a fiber in the plasmon field.
Although time restrictions only allowed initial set up and testing of this device
many experiments could be done. This set up could be used again as a spectrometer or to
determine the refractive index of materials. The experimental set up, some initial test
results, and ideas for this device in the future will be shown.
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Figure 3.A.1 A diagram of the far field surface plasmon spectrometer is shown. The light
from a 150 W Xenon lamp is brought through a slit and a polarizer so that the light is
now p-polarized. Then the p-polarized light hits a grating to break the light into its
constituent colors. The light then passes through a semicylindrical lens to focus the light
back down to a line on the 50 nanometer silver film on a quartz slide which is placed on
the back of a quartz right angle prism using index of refraction matching gel.
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B. Experimental Set Up
The set up in Figure 3.A.1 was used during this experiment. The Kretschmann
device was prepared in the same way as in the near-field set up except a right angle prism
was used rather then a hemicylindrical prism. The light from a 150-watt Xenon lamp is
brought through a slit and a polarizer so that the light is now p-polarized. Then the ppolarized light hits a grating to break the light into its constituent colors. After this the
light passes through a semicylindrical lens to focus the light back down to a line on the
50 nanometer silver film on a quartz slide which is placed on the back of a quartz right
angle prism using index of refraction matching gel. Figure 3.B.1 shows a picture of the
set up with the light path drawn in.
One may make a rough calculation of the angle θ in Figure 3.B.1 using the
measured width of the light coming out of the semicylindrical lens, the distance from the
semicylindrical lens to the silver film on the back of the prism, and Snell’s Law (since the
light is passing from air to the quartz prism). Since the film is oriented at 45 degrees with
respect to the optical axis, the light will strike the film at angles ranging from 45 - θ/2 to
45 + θ/2. If we use 1.46 for the index of refraction of quartz then the calculated value of
θ/2 is approximately 10 degrees. So each wavelength of light strikes the silver film at an
approximate range of 35 degrees to 55 degrees.
After the light leaves the film, either reflected or transmitted, a YHDO model
YH-168A color CCD camera is used to collect the data. The output from the camera is
connected to a computer where the program QuickPic is used to capture the image.
Testing of the far field set up was done in both the reflected light and transmitted light
29
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Figure 3.B.1 Shown above is a picture of the far field surface plasmon spectrometer set
up. The light path was drawn in to aid in visualization. The CCD camera can be seen on
the bottom right hand side of the picture. The right angle prism and semicylindrical lens
can be seen just to the left of the camera.

30

mode. Each of these modes have their own benefits which will be described below.
C. Discussion of Initial Tests
I. Reflected Light Mode
For the reflected light mode the CCD camera was pointed toward the leg of the
right angle prism adjacent to the incoming light. When using the 150 W Xe lamp with
this set up, the intensity of the reflected light is very great, so different methods were
used in front of the lamp to reduce the intensity of light going through the system. This
mode may be useful for determining indices of refraction of different gases. Since the
gas has to be passed over the silver film the transmitted light set up would not work. The
film used in these tests was old, which means it has most likely tarnished a bit; and it also
has a thin layer of gold nanoparticles that were spin coated on top of the film. This just
means the plasmon angle is different from a smooth clean silver film, but for these initial
tests we are just interested to see if we get enough light output to image.
In Figure 3.C.1 the reflected light image is shown. This image may be thought of as a
plot of wavelength versus angle, where the horizontal axis is angle and the vertical axis is
wavelength. The dark curve through the spectrum is where light is not reflected because
the light is absorbed by the silver to form plasmons. If a gas were passed over the silver
film, the dark line would shift because the gas would change the dielectric constant of the
film. This would affect the plasmon angle of the film-gas system. One may measure this
shift and determine the index of refraction of the gas. Note that an image similar to
Figure 3.C.1 was published in 1985 [4]. Figure 3.C.2 is a theoretical curve of that shown
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Figure 3.C.1 The reflected light image is shown. This image may be thought of as a plot
of wavelength versus angle. The horizontal axis is angle and the vertical axis is
wavelength. The dark curve through the spectrum is where light is not reflected because
the light is absorbed by the silver.
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Figure 3.C.2 Theoretical dispersion relation of a 50 nm silver film on a Kretschmann
device.
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in Figure 3.C.1 [8]. Comparing these two figures shows relatively good agreement in the
shape of the curve.
II. Transmitted Light Mode
The transmitted light mode can be used more like a spectrometer. The transmitted
light viewed in the far field loses its angle dependence. One sees a line ranging from the
red to blue wavelengths. See Figure 3.C.3 for an image of this; red starts at the top of the
image, and blue is at the bottom. If a sample where put in the light path after the Xe lamp
the image would be changed to only include those wavelengths which the sample
transmits. Figure 3.C.4 is an image with an orange filter in place and Figure 3.C.5 is an
image with a light blue filter in place. It should be noted that the contrast and brightness
of these images have been altered to aid in viewing. This alteration will not effect data
analysis since the relative differences in each wavelength’s intensity is measured. These
filters are the same as those whose percent transmission curves were plotted in Figure
2.C.4. Notice in the images how the filters effect the colored line. If one compares this
to Figure 2.C.4, it can be seen how this method is fairly accurate. To get quantitative
data from this set up, a fiber bundle could be brought close enough to the film to be in the
plasmon field. In theory each fiber would correspond to a different wavelength and the
colored line could be converted to quantitative data by reading the intensities off each
fiber in the bundle.
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Figure 3.C.3 Transmitted light through a silver film using the far field set up. Red starts
at the top of the image and blue is at the bottom. If a sample were put in the light path
after the Xe lamp, the image would be changed to only include those wavelengths which
the sample transmits. It should be noted that the contrast and brightness of these images
have been altered to aid in viewing. This alteration will not effect data analysis since the
relative differences in each wavelength’s intensity is measured.
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Figure 3.C.4 Transmitted light with an orange filter in front of Xe Lamp. Compare this
image to the transmission curves of the filters in Figure 2.C.4. It should be noted that the
contrast and brightness of these images have been altered to aid in viewing. This
alteration will not effect data analysis since the relative differences in each wavelength’s
intensity is measured.
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Figure 3.C.5 Transmitted light with a light blue filter in front of Xe lamp. Compare this
image to the transmission curves of the filters in Figure 2.C.4. It should be noted that the
contrast and brightness of these images have been altered to aid in viewing. This
alteration will not effect data analysis since the relative differences in each wavelength’s
intensity is measured.
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D. Conclusion
Data has been presented which shows that the far-field set up has great potential
since the light output intensity is large enough to image and the set up is relatively
simple. For the transmitted light mode there are many more experiments one could do.
First, the resolution of the system could be increased by using a detector in the near field
region that could be translated very precisely in the direction perpendicular to the film.
Since the surface plasmon field decreases exponentially with an argument that is
proportional to the wavelength, the detector could oscillate perpendicular to the film and
the relative field strengths of different wavelengths could be differentiated. Once the
system’s resolution is increased it might be possible to do Raman spectroscopy since the
system rejects stray-light so well.
Also, if the system were integrated with a telescope and pointed toward the sun
(using it as a source), absorption spectra of distant gases in the atmosphere could be
obtained. If an infrared detector were to be used with this instrument, the resolution
could be improved using a gold foil rather than a silver foil. This is because the surface
plasmon damping in gold is very small in the infrared region. In fact just like the
microspectrometer set up, multiple foils of different materials and thickness can be
integrated onto the system to allow it to have a wide working spectral range. For
example if one were to use an aluminum film, x-ray spectroscopy could be done in the 515 eV energy range since the surface plasmon damping in aluminum is small in this
range. It is also possible to combine this instrument with a conventional surface plasmon
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biosensor in the Kretschmann configuration so that measurements can be obtained of
both optical properties and spectra.
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CHAPTER 4: CONCLUSION

The results presented show a promising future for these plasmon-based systems.
The microspectrometer set up can be used with biological samples and is sensitive
enough to distinguish between the absorption of different concentrations of dissolved
substances in solution. This system may also work as a simple spectrometer, lending
absorption and transmission spectra of optical filters.
The far-field set up, which provided good preliminary results, is worth perusing in
more extensive experiments. These experiments include, but are not limited to, Raman
spectroscopy, x-ray spectroscopy and absorption of atmospheric gases. One could also
use this set up to determine the refractive index of gases.
In general, implementing different films, such as gold and aluminum, along with
the silver film could increase the working spectral range in both set ups. As mentioned
earlier these films would allow the system to be used in the ultraviolet and infrared
wavelength regions. Once testing is completed, these set ups may be combined and
miniaturized and then used as a very small and portable device, which may measure both
the optical properties of media and spectra.
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A. Plasmon Resonance [3]
Let n0 be the number of electrons per volume at equilibrium. Consider two
planes, P and Q, between which there are a number of electrons (Figure A.A.1.a). Let all
these electrons shift to a new volume between planes P’ and Q’ (Figure A.A.1.b). The
number of electrons between P and Q is proportional to n0∆x and this number is now
contained in the new volume giving a new number density:
n = n0 ∆x / (∆x + ∆s).

[A.A.1]

In the above equation n0 multiplies the ratio of the old volume to the new volume. The
equation can be simplified and expressed as:
n = n0 / [1 + ∆s / ∆x ].

[A.A.2]

If ∆s / ∆x << 1, then
n ≈ n0 (1 – ∆s / ∆x).

[A.A.3]

So the change in number density for an infinitesimal motion of a small volume is
n – n0 = – n0 ds / dx.

[A.A.4]

Each electron has charge –e so the change in charge density is given by
ρ = n0 e ds /dx.

[A.A.5]

This expression is the abundance or deficit over the neutral case, called the net charge
density.
There is an electric field E that results from this ρ. E is specified by the law of
Gauss. In the case of one dimension, as here, the law gives (CGS units)
dE/dx = 4πρ

[Α.Α.6]

44

Figure A.A.1 When electromagnetic radiation disturbs a metal, it causes longitudinal
waves in the electron gas to form plasmons.
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or
dE/dx = 4πn0 e ds/dx.

[A.A.7]

We can integrate the above equation with respect to x to give:
E = 4πn0 e s.

[A.A.8]

The electrical force is –eE so that the mass m times the acceleration (from Newton’s
second law) is
m d2s/dt2 = – 4πn0 e2 s,

[A.A.9]

which is the equation of motion for the electron volume. Rearranging yields the usual
equation for harmonic motion:
2

d2s/dt2 = – (4πn0 e2 /m ) s = – ω p s,

[A.A.10]

where the (angular) frequency is given by
2

ω p = 4πn0 e2 /m,

[A.A.11]

and ω p is called the bulk plasma (angular) frequency.
B. Dielectric Function of a Metal
To derive an expression for the dielectric function of a metal, one considers how a
time-varying electric field affects the conduction electrons of the metal. Consider a timevarying externally applied field E′ represented by the equation
E′ = E0 cos ωt.

[A.B.1]

So each electron at position x along E obeys
d2x/dt2 = – (eE0/m) cos ωt.

[A.B.2]

The solution to this differential equation is
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x = (eE0/m) cos ωt /ω2

[A.B.3]

and the associated dipole moment is
p = ex.

[A.B.4]

For n0 density of electrons, the polarization vector has magnitude
P = n0ex = (n0e2/m) E0 cos ωt /ω2 = (n0e2/m) E′/ω2.

[A.B.5]

The electric displacement vector has magnitude D and is given by
D = E′ – 4πP,

[A.B.6]

and D = ε E′ where ε is the dielectric function. Hence,
ε E′ = E′ – 4π (n0e2/m) E′ /ω2
2

= E′ – ω p E′/ω2
2

= E′ (1 – ω p /ω2 ).

[A.B.7]

Dividing by E′ yields the frequency-dependent dielectric function
2

ε = ε (ω) = 1 – ω p /ω2

[A.B.8]

For nonmagnetic materials, the index of refraction n obeys ε = n2. Notice that ε
approaches negative infinity as ω goes to zero, as expected.
C. Simplified Transmission of Light Through a Kretschmann Device
As a first approximation, consider a thin metal foil of index n1 and thickness a1
on the plane face of a large plano-convex cylindrical lens of index n0. Let a semi-infinite,
plane-bounded slab of index n3 be situated above the metal foil at z = a2 as illustrated in
Figure A.C.1.
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Figure A.C.1 Incident electromagnetic radiation striking a quartz-metal interface (z = 0).
After the metal, the light travels through a vacuum gap (n2) and then to the fiber probe
(n3).
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The incident field has an exp(–iωt) time dependence which we have neglected for
simplicity, so one should just note the direction of the fields at t = 0. The p-polarized
light is incident on the surface z = 0 at angle θ0 with respect to the surface normal and has
wave vector amplitude n0k relative to vacuum. The amplitude of the incident electric
field is E0 (perpendicular to the wave vector). The components of the incident electric
field which multiply the complex exponentials are –E0 cos θ0 and E0 sin θ0 for y and z,
respectively for the incident wave. The reflected wave y component factor is E0 cos θ0,
and its z component is E0 sin θ0. The incident wave vector has its y component equal to
n0 k sin θ0 and z component n0 k cos θ0, and for the reflected wave the z component of
the wave vector becomes – n0 k cos θ0 and the y component is n0 k sin θ0.
In region zero (typically quartz) the incident and reflected (underlined field
amplitudes) electric and magnetic fields H (using the fact that H = (n / k) k x E) are
E0 = E0 (–cos θ0 j + sin θ0 k ) ei n0 k ( y sin θ0 + z cos θ0 )
+ E0 (cos θ0 j + sin θ0 k ) ei n0 k ( y sin θ0 – z cos θ0 )

[A.C.1]

and
H0 = E0 n0 i ei n0 k ( y sin θ0 + z cos θ0 ) + E0 n0 i ei n0 k ( y sin θ0 – z cos θ0 ) .

[A.C.2]

In region one (typically gold, silver, or aluminum) the wave is given by
E1 = E1 (–cos θ1 j + sin θ1 k ) ei n1 k ( y sin θ1 + z cos θ1 )
+ E1 (cos θ1 j + sin θ1 k ) ei n1 k ( y sin θ1 – z cos θ1 )
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[A.C.3]

and
H1 = E1 n1 i ei n1 k ( y sin θ1 + z cos θ1 ) + E1 n1 i ei n1 k ( y sin θ1 – z cos θ1 ) . [A.C.4]
Snell’s law gives (although this is more properly written in terms of wave vectors)
n0 sin θ0 = n1 sin θ1 = n2 sin θ2 = n3 sin θ3.

[A.C.5]

It is in fact more proper to use the formally equivalent expression in terms of the
components of the wave vector. This is simply that the y–components of the wave
vectors are the same everywhere and is just equivalent to the conservation of momentum,
there being no asymmetry in the system in the y direction.
It is useful for media with complex index of refraction to use the dielectric
function εi (ω) of medium i with
εi (ω) = ∈i + i ∉i

[A.C.6]

which is the square of the complex index of refraction ni at angular frequency ω.
We can find the z–component of the wave vector in a medium knowing the y–
component and the magnitude. Assuming medium zero has a real dielectric function (ε0
(ω) = ∈0= n02) in the frequency range of interest, it is handy for obtaining the
relationship of wave vectors in the media zero and one to define ε with square

ε 2 = [∈1 – ∈0 (ω) sin2 θ0] 2 + ∉12

[A.C.7]

which is the square of the hypotenuse of a right triangle with base ∈1 – ∈0 sin2 θ0 and
height ∉1. In this event, with the complexity of the index of refraction in Snell’s law
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being viewed as resulting in a complex angle, we can derive an expression for n1cos θ1.
Squaring Snell’s law and using the trigonometric relation between sin2 θ1 and cos2 θ1
yields
n12cos2 θ1= n12 – n02sin2 θ0.

[A.C.8]

Since the index of refraction of medium zero is real and the index of refraction of
medium one is complex, we may rewrite equation [A.C.8] as
n12cos2 θ1= ∈1 + i ∉1 – ∈0 sin2 θ0.

[A.C.9]

If we express the complex number on the right side of the equation in polar form and take
the square root of both sides, we find
n1cos θ1= [ ( ∈1 – ∈0 sin2 θ0)2 + ∉12]1/4 e (1/2) iα

[A.C.10]

where α = tan-1 ∉1 / ( ∈1 – ∈0 sin2 θ0). Using Euler’s formula and half angle formulas
we obtain
__________

__________

n1cos θ1= [ ( ∈1 – ∈0 sin2 θ0)2 + ∉12]1/4[√(1+cos α) / 2+ i√(1– cos α) / 2],
[A.C.11]
note also that
cos α = ( ∈1 – ∈0 sin2 θ0) / [ ( ∈1 – ∈0 sin2 θ0)2 + ∉12]1/2.

[A.C.12]

Substituting [A.C.7] and [A.C.12] into [A.C.11] yields
n1cos θ1= ñ + i n

[A.C.13]

The real part of [A.C.13] is the square root of
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[ε + ∈1 – ∈0 sin2 θ0] / 2 = ñ,

[A.C.14]

and the imaginary part is the square root of (Note that the signs in the square root are
decided by the physical situation)
[ε – ∈1 + ∈0 sin2 θ0] / 2 = n.

[A.C.15]

Alternatively, the wave vector being viewed as complex would result in a similar set of
equations. In either case, the argument of the electric wave, i ( k . r ), refracted into
medium one is (after using Snell’s law)
i k y n0 sin θ0 + i k z ñ – k z n
where k is just ω / c. This expression means that the wave is damped exponentially
(absorption) as it travels in the medium. The actual (real) angle of refraction is ø where
√ [(ε + ∈1+ ∈0 sin2 θ0)/ 2 ] sin ø = n0 sin θ0.

[A.C.16]

Now, in medium two (typically vacuum, but not necessarily),
E2 = E2 (–cos θ2 j + sin θ2 k) ei n2 k ( y sin θ2 + z cos θ2 )
+ E2 (cos θ2 j + sin θ2 k) ei n2 k ( y sin θ2 – z cos θ2 )

[A.C.17]

and
H2 = E2 n2 i ei n2 k ( y sin θ2 + z cos θ2 ) + E2 n2 i ei n2 k ( y sin θ2 – z cos θ2 ) .

[A.C.18]

In medium three, there is no reflected wave as the medium is semi–infinite. Hence,
E3 = E3 (–cos θ3 j + sin θ3 k) ei n3 k ( y sin θ3 + z cos θ3 )
and
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[A.C.19]

H3 = E3 n3 i ei n3 k ( y sin θ3 + z cos θ3 ) .

[A.C.20]

Now we begin by matching the tangential components of the fields at z = a2 ,
– E3 cos θ3 ei n3 k a2 cos θ3 = – E2 cos θ2 ei n2 k a2 cos θ2 + E2 cos θ2 e–i n2 k a2 cos θ2
[A.C.21]
E3 n3 ei n3 k a2 cos θ3 = E2 n2 ei n2 k a2 cos θ2 + E2 n2 e–i n2 k a2 cos θ2 .

[A.C.22]

If we multiply [A.C.21] by n2 and [A.C.22] by cos θ2 and add, we get
E3 (– n2 cos θ3 + n3 cos θ2) ei n3 k a2 cos θ3 = 2E2 n2 cos θ2 e–i n2 k a2 cos θ2 .[A.C.23]
Subtraction yields
E3 ( n2 cos θ3 + n3 cos θ2) ei n3 k a2 cos θ3 = 2 E2 n2 cos θ2 ei n2 k a2 cos θ2.

[A.C.24]

Therefore, dividing [A.C.23] by [A.C.24] produces
E2 / E2 = r23 e 2 i n2 k a2 cos θ2,

[A.C.25]

r23 = (n3 cos θ2 – n2 cos θ3) /(n2 cos θ3 + n3 cos θ2),

[A.C.26]

where

and [A.C.24] gives
E3 / E2 = (1 + r23 ) (n2 / n3 ) e – i k a2 (n3 cos θ3 – n2 cos θ2).

[A.C.27]

At the boundary z = a1 , the equations are more complicated but are
– E2 cos θ2 ei n2 k a1 cos θ2 + E2cos θ2 e–i n2 k a1 cos θ2 = – E1 cos θ1 ei n1 k a1 cos θ1 +
E1 cos θ1 e–i n1 k a1 cos θ1

[A.C.28]
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E2 n2 ei n2 k a1 cos θ2 + E2 n2 e–i n2 k a1 cos θ2
= E1 n1 ei n1 k a1 cos θ1 + E1 n1 e–i n1 k a1 cos θ1 .

[A.C.29]

We multiply [A.C.28] by n1 and [A.C.29] by cos θ1 and add to obtain
E2 (n2cos θ1 – n1cos θ2 ) ei n2 k a1 cos θ2 + E2 (n2cos θ1 + n1cos θ2 ) e–i n2 k a1 cos θ2
= 2 E1 n1cos θ1 e–i n1 k a1 cos θ1 ,

[A.C.30]

and if we instead subtract, we get
E2 ( n2cos θ1 + n1cos θ2 ) ei n2 k a1 cos θ2 + E2 (n2cos θ1 – n1cos θ2 ) e–i n2 k a1 cos θ2
= 2 E1 n1cos θ1 ei n1 k a1 cos θ1 .

[A.C.31]

Dividing [A.C.30] and [A.C.31] respectively by n2cos θ1 + n1cos θ2, we obtain
E2 r12 ei n2 k a1 cos θ2 + E2 e–i n2 k a1 cos θ2 = E1 (1 + r12 ) (n1 / n2 ) e–i n1 k a1 cos θ1
[A.C.32]
and
E2 ei n2 k a1 cos θ2 + E2 r12 e–i n2 k a1 cos θ2 = E1 (1 + r12 ) (n1 / n2 ) ei n1 k a1 cos θ1 ,
[A.C.33]
where
r12 = (n2 cos θ1 – n1 cos θ2) /(n2 cos θ1 + n1 cos θ2).
Dividing [A.C.32] and [A.C.33] produces
E2 r12 ei n2 k a1 cos θ2 + E2 e–i n2 k a1 cos θ2
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= (E2 ei n2 k a1 cos θ2 + E2 r12 e–i n2 k a1 cos θ2 ) (E1/ E1) e–2 i n1 k a1 cos θ1. [A.C.34]
If we divide through by E2 and use [A.C.25] we obtain
r12 ei n2 k a1 cos θ2 + r23 e 2 i n2 k a2 cos θ2 e–i n2 k a1 cos θ2
= (E1/ E1)( ei n2 k a1 cos θ2 + r23 r12e 2 i n2 k a2 cos θ2 e–i n2 k a1 cos θ2 ) e–2 i n1 k a1 cos θ1 .
[A.C.35]
Rearranging yields
E1/ E1 = [r12 + r23 e 2 i n2 k (a2 – a1 ) cos θ2 ] / [ 1 + r23 r12e 2 i n2 k (a2 – a1 ) cos θ2 ]
e 2 i n1k a1 cos θ1 .

[A.C.36]

β = n2 k (a2 – a1) cos θ2

[A.C.37]

Let

which is half the optical path difference in medium two. Then,
E1/ E1 = [r12 + r23 e 2 i β] / [ 1 + r23 r12 e 2 i β ] e 2 i n1 k a1 cos θ1 .

[A.C.38]

We define
r13 = [r12 + r23 e 2 i β ] / [1 + r23 r12e 2 i β ].

[A.C.39]

We can proceed at this stage to examine the results of applying the boundary
conditions at z = 0. These yield
– E0 cos θ0 + E0 cos θ0 = – E1 cos θ1 + E1 cos θ1

[A.C.40]

E0 n0 + E0 n0 = E1 n1 + E1 n1.

[A.C.41]

and
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Multiplying [A.C.40] by n1 and [A.C.41] by cos θ1 and adding the two equations yields
– E0 ( n1cos θ0 – n0 cos θ1 ) + E0 ( n1cos θ0 + n0cos θ1 ) = 2 E1 n1cos θ1. [A.C.42]
If
r01 = ( n1cos θ0 – n0 cos θ1 ) / ( n1cos θ0 + n0cos θ1 )

[A.C.43]

– E0 r01 + E0 = (1 – r01) ( n1 / n0 ) E1.

[A.C.44]

then

Also, if we subtract [A.C.40] from [A.C.41] we get
E0 ( n1cos θ0 + n0cos θ1 ) – Eo (n1cos θ0 – n0cos θ1 ) = 2 E1 n1cos θ1 , [A.C.45]
and we rewrite this using [A.C.43] as
E0 – r01E0 = (1 – r01) ( n1 / n0 ) E1.

[A.C.46]

Dividing [A.C.44] by [A.C.46] produces
– E0 r01 + E0 = (E0 – r01E0 ) ( E1/ E1 )
or
– r01 + ( E0/ E0 ) = [1 – r01( E0/ E0 ) ] ( E1/ E1 ).
Rearranging the above equation yields
( E0/ E0 ) [ 1 + r01( E1/ E1 ) ] = r01 + ( E1/ E1 ).

[A.C.47]

Now using [A.C.38] we obtain
E0/ E0 = ( r01 + r13e 2 i β0 ) / (1 + r01 r13e 2 i β0 ),

[A.C.48]

β0 = n1 k a1 cos θ1

[A.C.49]

where
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is half the optical path difference in medium one. The absolute square of equation
[A.C.48] is the reflection coefficient. We now have a primary result that can be used to
obtain the conditions of surface plasmon excitation. But we shall proceed first to write
down the various fields in each of the media. We define
r = ( r01 + r13 e 2 i β0 ) / (1 + r01 r13e 2 i β0 )

[A.C.50]

E0/ E0 = r,

[A.C.51]

so that

and we rewrite [A.C.38] as
E1/ E1 = r13 e 2 i n1 k a1 cos θ1 .

[A.C.52]

First we use [A.C.46] with [A.C.52] to obtain
E1/ E0 = ( n0 / n1 ) (1 – r r01) / (1 – r01)

[A.C.53]

so that [A.C.38] then gives
E1/ E0 = r13 ( n0 / n1 ) (1 – r r01) / (1 – r01) e 2 i β0 .

[A.C.54]

We can return to [A.C.33] to obtain
E2 ei n2 k a1 cos θ2 + r23 r12E2e 2 i n2 k a2 cos θ2 e–i n2 k a1 cos θ2 = E1 (1 + r12 )
(n1 / n2 ) ei n1 k a1 cos θ1.

[A.C.55]

Then, dividing by the incident field amplitude and using [A.C.53] we obtain
( E2/ E0 )( e2 i n2 k a1 cos θ2 + r23 r12e 2 i n2 k a2 cos θ2 )
= ( n0 / n1 ) [ (1 – r r01) / (1 – r01) ] (1 + r12 ) (n1 / n2 ) e i k a1 ( n2 cos θ2 + n1 cos θ1 )
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or
E2/ E0 = ( n0 / n2 ) [ (1 – r r01) / (1 – r01) ] (1 + r12 ) e i k a1 µ /( 1+ r23 r12e 2 i β ),
[A.C.56]
where
µ = ( n1cos θ1 – n2cos θ2 ).

[A.C.57]

From [A.C.27]
E3 / E0 = (1 + r23 ) [ (1 – r r01) / (1 – r01) ] (1 + r12 ) (n0 / n3 ) ei k a2 ν e i k a1 µ/
(1+ r23 r12e 2 i β ),

where
ν = ( n2cos θ2 – n3cos θ3).

[A.C.58]

the Poynting vector can now be calculated to give the transmission coefficient. Thus, the
incident flux in the z direction is proportional to the absolute square of E0n0sin θ0 and the
transmitted flux to the absolute square of E3 n3sin θ3. The transmission coefficient is then
τ = | E3 /E0| 2 n3cos θ3 /n0cos θ0,

[A.C.59]

where the ratio of the z–component of the wave vectors in the two media is responsible for
the multiplicative factor outside the absolute square.
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